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Introduction
In [1], Akbar-Zadeh proved locally that if the h-curvature Rrijk of the Cartan
connection CΓ associated with a Finsler manifold (M,L), dimM ≥ 3, satisfies
Rrijk = k(x, y)(gijδ
r
k − gikδ
r
j ),
where k(x, y) is a scalar function on TM , positively homogeneous of degree zero ((0)
p-homogeneous), then
(a) k is constant,
(b) if k 6= 0, then
(1) the v-curvature of CΓ vanishes: Srijk = 0,
(2) the hv-curvature of CΓ is symmetric with respect to the last two indices:
P rijk = P
r
ikj.
In [4], Ho¯jo¯ showed locally that if the h-curvature Rrijk of the generalized Cartan
connection CΓ, dimM ≥ 3, satisfies1
Rrijk = k(x, y)Aj,k
{
q gijδ
r
k + (q − 2)(gijℓkℓ
r − δrj ℓiℓk
}
,
where k(x, y) is a (0) p-homogeneous scalar function and 1 6= q ∈ R, then
1Aij indicates interchanges of indices j and k, and subtraction: Aij {Fij} = Fij − Fji
1
(a) k is constant,
(b) if k 6= 0, then
(1) the v-curvature of CΓ satisfies Srijk =
q−2
2(1−q)
Aj,k {~ij~
r
k} ,
(2) the hv-curvature of CΓ is symmetric with respect to the last two indices.
The aim of the present paper is to provide two intrinsic generalizations of Akbar-
Zadeh’s and Ho¯jo¯’s theorems. As a by-product, some consequences concerning S3-like
and S4-like spaces, are deduced.
The present work is formulated in a coordinate-free form, without being trapped
into the complications of indices. However, the local expressions of the obtained
results, when calculated, coincides with the existing local results.
1. Notation and Preliminaries
In this section, we give a brief account of the basic concepts of the pullback
approach to intrinsic Finsler geometry necessary for this work. For more details, we
refer to [2], [3] and [5]. We shall use the same notations of [5].
In what follows, we denote by π : TM −→ M the subbundle of nonzero vectors
tangent to M , X(π(M)) the F(TM)-module of differentiable sections of the pullback
bundle π−1(TM). The elements of X(π(M)) will be called π-vector fields and will be
denoted by barred letters X . The tensor fields on π−1(TM) will be called π-tensor
fields. The fundamental π-vector field is the π-vector field η defined by η(u) = (u, u)
for all u ∈ TM .
We have the following short exact sequence of vector bundles
0 −→ π−1(TM)
γ
−→ T (TM)
ρ
−→ π−1(TM) −→ 0,
with the well known definitions of the bundle morphisms ρ and γ. The vector space
Vu(TM) = {X ∈ Tu(TM) : dπ(X) = 0} is called the vertical space to M at u.
Let D be a linear connection (or simply a connection) on the pullback bundle
π−1(TM). We associate with D the map K : TTM −→ π−1(TM) : X 7−→ DXη,
called the connection map of D. The vector space Hu(TM) = {X ∈ Tu(TM) :
K(X) = 0} is called the horizontal space to M at u . The connection D is said to be
regular if Tu(TM) = Vu(TM)⊕Hu(TM) ∀ u ∈ TM .
IfM is endowed with a regular connection, then the vector bundle maps γ, ρ|H(TM)
and K|V (TM) are vector bundle isomorphisms. The map β := (ρ|H(TM))
−1 will be
called the horizontal map of the connection D.
The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors of D, denoted by Q
and T respectively, are defined by
Q(X, Y ) = T(βXβY ), T (X, Y ) = T(γX, βY ) ∀X, Y ∈ X(π(M)),
where T is the (classical) torsion tensor field associated with D.
The horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors of D, denoted
by R, P and S respectively, are defined by
R(X, Y )Z = K(βXβY )Z, P (X, Y )Z = K(βX, γY )Z, S(X, Y )Z = K(γX, γY )Z,
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where K is the (classical) curvature tensor field associated with D.
The contracted curvature tensors of D, denoted by R̂, P̂ and Ŝ respectively,
known also as the (v)h-, (v)hv- and (v)v-torsion tensors, are defined by
R̂(X, Y ) = R(X, Y )η, P̂ (X, Y ) = P (X, Y )η, Ŝ(X, Y ) = S(X, Y )η.
If M is endowed with a metric g on π−1(TM), we write
R(X, Y , Z,W ) := g(R(X, Y )Z,W ), · · · , S(X, Y , Z,W ) := g(S(X, Y )Z,W ). (1.1)
The following result is of extreme importance.
Theorem 1.1. [8] Let (M,L) be a Finsler manifold and g the Finsler metric defined
by L. There exists a unique regular connection ∇ on π−1(TM) such that
(a) ∇ is metric : ∇g = 0,
(b) The (h)h-torsion of ∇ vanishes : Q = 0,
(c) The (h)hv-torsion T of ∇ satisfies : g(T (X, Y ), Z) = g(T (X,Z), Y ).
Such a connection is called the Cartan connection associated with the Finsler
manifold (M,L).
2. First generalization of Akbar-Zadeh theorem
In this section, we investigate an intrinsic generalization of Akbar-Zadeh theorem.
We begin first with the following two lemmas which will be useful for subsequent use.
Lemma 2.1. Let ∇ be the Cartan connection on a Finsler manifold (M,L). For a
π-tensor field ω of type (1, 1), we have the following commutation formulae:
(a) (
2
∇
2
∇ ω)(X, Y , Z)− (
2
∇
2
∇ ω)(Y ,X, Z) = ω(S(X, Y )Z)− S(X, Y )ω(Z),
(b) (
2
∇
1
∇ ω)(X, Y , Z)− (
1
∇
2
∇ ω)(Y ,X, Z) = ω(P (X, Y )Z)− P (X, Y )ω(Z)
+(
2
∇ ω)(P̂ (X, Y ), Z)+(
1
∇ ω)(T (Y ,X), Z),
(c) (
1
∇
1
∇ ω)(X, Y , Z)− (
1
∇
1
∇ ω)(Y ,X, Z) = ω(R(X, Y )Z)− R(X, Y )ω(Z)
+ (
2
∇ ω)(R̂(X, Y ), Z),
where
1
∇ and
2
∇ are the h- and v-covariant derivatives associated with ∇.
Lemma 2.2. Let (M,L) be a Finsler manifold, g the Finsler metric defined by L,
ℓ := L−1iηg and ~ := ℓ ◦ ℓ− g the angular metric tensor. Then, we have:
(a)
1
∇ L = 0,
2
∇ L = ℓ.
(b)
1
∇ ℓ = 0,
2
∇ ℓ = L−1~.
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(c) iøηℓ = L, iøη~ = 0.
Proof. The proof follows from the fact that ∇g = 0 and g(øη, øη) = L2.
Now, we have
Theorem 2.3. Let (M,L) be a Finsler manifold of dimension n and g the Finsler
metric defined by L. If the (v)h-torsion tensor R̂ of the Cartan connection is given
by
R̂(X, Y ) = kL(ℓ(X)Y − ℓ(Y )X), (2.1)
where k(x, y) is a homogenous function of degree 0 in y (∇γøηk = 0), then we have:
(a) SX,Y ,ZR(X, Y )Z = 0.
2
(b) k is constant if dimM ≥ 3.
Proof.
(a) We have [9]:
SX,Y ,ZR(X, Y )Z = SX,Y ,ZT (R̂(X, Y ), Z). (2.2)
From (2.1), noting that the (h)hv-torsion T is symmetric, we obtain
SX,Y ,ZT (R̂(X, Y ), Z) = kLT (ℓ(X)Y − ℓ(Y )X,Z)
+kLT (ℓ(Y )Z − ℓ(Z)Y ,X)
+kLT (ℓ(Z)X − ℓ(X)Z, Y )
= kL
{
ℓ(X)T (Y , Z)− ℓ(Y )T (X,Z)
}
+kL
{
ℓ(Y )T (Z,X)− ℓ(Z)T (Y ,X)
}
+kL
{
ℓ(Z)T (X, Y )− ℓ(X)T (Z, Y )
}
= 0. (2.3)
Hence, the result follows from (2.2) and (2.3).
(b) We have [9]:
SX,Y ,Z {(∇βXR)(Y , Z,W ) + P (R̂(X, Y ), Z)W} = 0. (2.4)
From (2.1), noting that the (v)hv-torsion P̂ is symmetric [9], we get
SX,Y ,ZP̂ (R̂(X, Y ), Z) = kL
{
ℓ(X)P̂ (Y , Z)− ℓ(Y )P̂ (X,Z)
}
+kL
{
ℓ(Y )P̂ (Z,X)− ℓ(Z)P̂ (Y ,X)
}
+kL
{
ℓ(Z)P̂ (X, Y )− ℓ(X)P̂ (Z, Y )
}
= 0.
From which, together with (2.4), it follows that
SX,Y ,Z (∇βXR̂)(Y , Z) = 0. (2.5)
2SX,Y ,Z denotes the cyclic sum over X,Y and Z.
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Again from (2.1), noting that ∇βXℓ = 0 (Lemma 2.2(b)), (2.5) reads
L(∇βXk)
{
ℓ(Y )Z − ℓ(Z)Y
}
+ L(∇βY k)
{
ℓ(Z)X − ℓ(X)Z
}
+L(∇βZk)
{
ℓ(X)Y − ℓ(Y )X
}
= 0.
Setting Z = η into the above equation, noting that ℓ(η) = L ((Lemma 2.2)(c)), we
obtain
L(∇βXk)
{
ℓ(Y )η − LY
}
+ L(∇βY k)
{
LX − ℓ(X)η
}
+L(∇βηk)
{
ℓ(X)Y − ℓ(Y )X
}
= 0.
Taking the trace of both sides with respect to Y , it follows that
∇βXk = L
−1(∇βηk)ℓ(X). (2.6)
On the other hand, we have [9]
(∇γXR)(Y , Z,W ) + (∇βY P )(Z,X,W )− (∇βZP )(Y ,X,W )
−P (Z, P̂ (Y ,X))W +R(T (X, Y ), Z)W − S(R̂(Y , Z), X)W
+P (Y , P̂ (Z,X))W − R(T (X,Z), Y )W = 0. (2.7)
Setting W = η into the above relation, noting that K ◦ γ = idX(pi(M)), K ◦ β = 0 and
Ŝ = 0, it follows that
(∇γXR̂)(Y , Z)− R(Y , Z)X + (∇βY P̂ )(Z,X)− (∇βZP̂ )(Y ,X)
−P̂ (Z, P̂ (Y ,X)) + R̂(T (X, Y ), Z) + P̂ (Y , P̂ (Z,X))− R̂(T (X,Z), Y ) = 0.
Applying the cyclic sum SX,Y ,Z on the above equation, taking (a) into account, we
get
SX,Y ,Z(∇γXR̂)(Y , Z) = 0. (2.8)
Substituting (2.1) into (2.8), using (∇γXℓ)(Y ) = L
−1
~(X, Y ) (Lemma 2.2(b)), we
have
L(∇γZk)
{
(ℓ(X)Y − ℓ(Y )X)
}
+ L(∇γY k)
{
(ℓ(Z)X − ℓ(X)Z)
}
+L(∇γXk)
{
(ℓ(Y )Z − ℓ(Z)Y )
}
+ kℓ(Z)
{
(ℓ(X)Y − ℓ(Y )X)
}
+kℓ(Y )
{
(ℓ(Z)X − ℓ(X)Z)
}
+ kℓ(X)
{
(ℓ(Y )Z − ℓ(Z)Y )
}
+kL
{
(~(X,Z)Y − ~(Y , Z)X)
}
+ kL
{
(~(Z, Y )X − ~(X, Y )Z)
}
+kL
{
(~(Y ,X)Z − ~(Z,X)Y )
}
= 0.
Setting Z = η into the above relation, noting that ℓ(η) = L ,~(η, .) = 0 (Lemma
2.2(c)) and ∇γηk = 0, we conclude that
L2
{
∇γXk φ(Y )−∇γY k φ(X)
}
= 0, (2.9)
where φ is a vector π-form defined by
g(φ(X), Y ) := ~(X, Y ). (2.10)
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Taking the trace of both sides of (2.9) with respect to Y , noting that Tr(φ) = n−1
[7], it follows that
(n− 2)∇γXk = 0.
Consequently,
∇γXk = 0 for all X ∈ X(π(M)), if n ≥ 3. (2.11)
Now, applying the v-covariant derivative with respect to Y on both sides of (2.6),
yields
ℓ(Y )∇βXk + L(
2
∇
1
∇ k)(X, Y ) = L
−1
~(X, Y )(∇βηk) + ℓ(X)(
2
∇
1
∇ k)(η, Y ).
Since,
2
∇
1
∇ k =
1
∇
2
∇ k = 0 (Lemma 2.1 and (2.11)), the above relation reduces to
(provided that n ≥ 3)
ℓ(Y )∇βXk = L
−1
~(X, Y )(∇βηk).
Setting Y = η into the above equation, noting that ℓ(η) = L and ~(., η) = 0, it follows
that ∇βηk = 0. Consequently, again by (2.6),
∇βXk = 0 for all X ∈ X(π(M)), if n ≥ 3. (2.12)
Now, Equations (2.11) and (2.12) imply that k is a constant if n ≥ 3.
This complete the proof.
Theorem 2.4. Let (M,L) be a Finsler manifold with dimension n ≥ 3 and let q 6= 1
be an arbitrary real number. If the h-curvature tensor R satisfies
R(X, Y )Z = kAX,Y
{
q g(X,Z)Y + (q − 2)
{
L−1g(X,Z)ℓ(Y )η − ℓ(Y )ℓ(Z)X
}}
,
(2.13)
where k(x, y) is a homogenous function of degree 0 in y, then
(a) k is a constant.
(b) If k 6= 0, we have:
1) P (X, Y )Z = P (Y ,X)Z (i.e., (M,L) is symmetric),
2) S(X, Y )Z =
2− q
2(q − 1)L2
{
~(X,Z)φ(Y )− ~(Y , Z)φ(X)
}
.
Proof.
(a) Setting Z = η into (2.13), we get
R̂(X, Y ) = 2(q − 1)kL
{
ℓ(X)Y − ℓ(Y )X
}
. (2.14)
From which, together with Theorem 2.3, the result follows.
(b) 1). Applying the v-covariant derivative with respect toW on both sides of (2.13),
we get
(∇βWR)(X, Y , Z) = 0.
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From which, together (2.4), it follows that
SX,Y ,Z P (R̂(X, Y ), Z)W = 0. (2.15)
In view of (2.14), noting that k 6= 0, (2.15) implies that
2(q − 1)L
{
P (ℓ(X)Y − ℓ(Y )X,Z)W
}
+ 2(q − 1)L
{
P (ℓ(Y )Z − ℓ(Z)Y ,X)W
}
+2(q − 1)L
{
P (ℓ(Z)X − ℓ(X)Z, Y )W
}
= 0.
Setting Z = η into the above equation, taking into account the fact that ℓ(η) = L
and P (., η). = P (η, .). = 0 [9], we get
2(q − 1)L
{
P (X, Y )W − P (Y ,X)W
}
= 0.
Hence, the result follows.
(b) 2). Taking the cyclic sum SX,Y ,Z of (2.7) and using (b)1), we obtain
SX,Y ,Z
{
(∇γXR)(Y , Z,W )− S(R̂(Y , Z), X)W
}
= 0. (2.16)
On the other hand, by taking the v-covariant derivative of both sides of (2.13),
using (∇γXL) = ℓ(X), (∇γXℓ)(Y ) = L
−1
~(X, Y ) and ∇γXg = 0, we get
(∇γXR)(Y , Z,W ) = k(q − 2)AX,Y {g(X,W )~(Z, Y )
η
L2
+ g(X,W )ℓ(Y )
φ(Z)
L
−~(Z, Y )ℓ(W )
X
L
− ~(Z,W )ℓ(Y )
X
L
}.
Taking the cyclic sum SX,Y ,Z of both sides of the above equation and then setting
Z = η, it follows that
SX,Y , η(∇γXR)(Y , η,W ) = 2k(q − 2)
{
~(Y ,W )φ(X)− ~(X,W )φ(Y )
}
. (2.17)
In view of (2.14), noting that S(., η). = 0 and S is antisymmetric [9], we obtain
SX,Y , ηS(R̂(Y , η), X)W = 4kL
2(q − 1)S(X, Y )W. (2.18)
Therefore, by setting Z = η into (2.16), taking (2.17) and (2.18) into account, the
result follows.
Corollary 2.5. Akbar-Zadeh’s theorem [1] is a special case of Theorem 2.4, for which
q = 2.
Corollary 2.6. If the h-curvature tensor R of (M,L), (n ≥ 3), satisfies
R(X, Y )Z = kAX,Y
{
{g(X,Z)
η
L
− ℓ(Z)X}ℓ(Y )
}
,
then, k is a constant and, moreover, if k 6= 0, we have:
(a) (M,L) is symmetric.
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(b) S(X, Y )Z =
−1
L2
{
~(X,Z)φ(Y )− ~(Y , Z)φ(X)
}
.
3. Second generalization of Akbar-Zadeh’s theorem
In this section, we give a second intrinsic generalization of Akbar-Zadeh’s theo-
rem.
Theorem 3.1. If the h-curvature tensor R of (M,L), dimM ≥ 3, satisfies
R(X, Y )Z = k
{
g(X,Z)Y − g(Y , Z)X + ω(X, Y )Z
}
, (3.1)
where ω is an indicatory antisymmetric h(0) π-tensor field of type (1, 3) and k(x, y)
is an h(0)-function on TM , then
(a) k is a constant.
(b) If k 6= 0, we have:
1) P (X, Y )Z − P (X, Y )Z = L−2(∇βηω)(X, Y , Z).
2) S(X, Y )Z =
1
L2
{
1
2kL2
(
1
∇
1
∇ ω)(η, η,X, Y , Z) + ω(X, Y )Z
}
.
Proof.
(a) Follows from Therorem 2.3 by setting Z = η into (3.1).
(b) 1). By (3.1), we have
R̂(X, Y ) = kL
{
ℓ(X)Y − ℓ(Y )X
}
, (3.2)
and by (2.4), we have
SX,Y ,η {(∇βXR)(Y , η,W ) + P (R̂(X, Y ), η)W} = 0. (3.3)
Now, substituting (3.1) and (3.2) into (3.3), we obtain
k
{
(∇βηω)(X, Y ,W )− L
2
{
P (X, Y )Z − P (Y ,X)Z
}}
= 0
From which, since k 6= 0, the result follows.
(b) 2). Taking the cyclic sum SX,Y ,Z of (2.7), we obtain
SX,Y ,Z{(∇γXR)(Y , Z,W ) + (∇βY P )(Z,X,W )
−(∇βZP )(Y ,X,W )− S(R̂(Y , Z), X)W} = 0. (3.4)
In view of 1) above, it follows that
(∇βWP )(X, Y , Z)− (∇βWP )(Y ,X, Z) = L
−2(
1
∇
1
∇ ω)(W, η,X, Y , Z)
From which, we get
SX,Y ,η
{
(∇βηP )(X, Y , Z)− (∇βηP )(Y ,X, Z)
}
= L−2(
1
∇
1
∇ ω)(η, η,X, Y , Z). (3.5)
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On the other hand, noting that ω is homogenous of degree zero, we obtain
SX,Y ,η(∇γXR)(Y , η,W ) = (∇γXR)(Y , η,W ) + (∇γYR)(η,X,W )
+(∇γηR)(X, Y ,W )
= 2kω(X, Y )W. (3.6)
SX,Y ,ηS(R̂(X, Y ), η)W = 2kL
2S(X, Y )W. (3.7)
Setting Z = η into (3.4), taking into account (3.5), (3.6) and (3.7), the result follows.
Corollary 3.2. Akbar-Zadeh’s theorem [1] is obtained from the above Theorem by
letting ω = 0.
Corollary 3.3. A Finsler manifold (M,L) is S3-like if ω in Theorem 3.1 is given by
ω(X, Y )Z = S
{
~(X,Z)φ(Y )− ~(Y , Z)φ(X)
}
, (3.8)
where φ is given by (2.10) and S(x) is a scalar function independent of y.
Proof. From Theorem 3.1(b) and (3.8), the v-curvature tensor S takes the form:
S(X, Y )Z =
1
L2

S + (
1
∇
1
∇ S)(η, η)
2kL2

{~(X,Z)φ(Y )− ~(Y , Z)φ(X)} .
As the v-curvature tensor S is written in the above form, then the term
S + (
1
∇
1
∇ S)(η, η)
2kL2


depends on x only [6], and so (M,L) is S3-like.
Corollary 3.4. If the scalar function S(x) in (3.8) is constant, we have:
(a) P (X, Y )Z = P (Y ,X)Z.
(b) S(X, Y )Z = S
L2
{
~(X,Z)φ(Y )− ~(Y , Z)φ(X)
}
.
Corollary 3.5. If the tensor field ω in Theorem 3.1 is given by
ω(X, Y )Z = AX,Y
{
H(X,Z)φ(Y ) + ~(X,Z)Ho(Y )
}
,
whereH is a symmetric indicatory h(0) 2-scalar π-form and H(X, Y ) =: g(Ho(X), Y ),
then (M,L) is S4-like, that is,
S(X, Y )Z =
1
L2
AX,Y
{
µ(X,Z)φ(Y ) + ~(X,Z)µo(Y )
}
,
where µ(X, Y ) =
{
H(X, Y ) + (
1
∇
1
∇H)(η,η,X,Y )
2kL2
}
.
Proof. The proof is clear and we omit it.
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Concluding remark. It should be noted that the outcome of this work is twofold.
Firstly, the local expressions of the obtained results, when calculated, coincide with
the existing local results ([1] , [4]). Secondly, new global proofs have been established.
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